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the Universe to be in expansion, isotropi and with a positive potential at late time
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1. Introdution
We study the Generalized Salar Tensor theory with a potential depending on a salar
eld in the Bianhi type I model. This theory has the same form as Brans-Dike theory
but with a oupling funtion depending on a salar eld. Its dynamial behaviour with
matter, but without a potential, in the homogeneous Bianhi type models has been
studied by Wands and Mimoso [1℄ and in the FLRW models by Barrow and Parson [2℄.
The potential an be onsidered as an eetive osmologial onstant. Suh a
onstant an rule out the Universe age problem [3℄. The osmologial onstant is a
soure of negative pressure able to aelerate the expansion of Universe and hene to
give birth to ination. Then, the Universe would seem younger than it is. Moreover,
new observations [4℄[5℄ would show that the Universe is undergoing ination and this
the presene of a positive osmologial onstant although this aelerated behaviour
remains to be onrmed. However the present value on this onstant is in ontradition
with the value predited by partile physis for the early Universe. This is the reason
why a model with a varying eetive osmologial onstant is so interesting. One realls
that the empty generalized salar tensor theory an naturally generate ination without
a potential: this is what is usually alled kineti ination [6℄[7℄.
The aim of this work is to analyse under whih onditions the Universe an
isotropize and be in expansion with a positive potential at late time in the Einstein
and Brans-Dike frames. One they are derived, we look for additional onditions suh
that the metri funtions tend asymptotially toward exponential or power laws of the
proper time in the Einstein frame. We disuss whether suh theories an respet the solar
system tests. When no matter eld is present, this means that the oupling funtion ω
beomes innite or at least greater than 500 and ωφω
−3
tends to vanish, where ωφ is the
derivative of ω with respet to the salar eld. No suh onditions are known in a theory
with a potential but if we add one and onsider it as an eetive osmologial onstant,
the observations show that it should be rather small at late time. So it seems reasonable
to assume that these three onditions, ω → ∞, ωφω−3 → 0 and a small potential at
late time, are neessary but not suient for the solar system tests to be respeted in a
generalized salar tensor theory with a potential. Note that even if a generalized salar
tensor theory tends toward a relativisti behaviour, it does not mean that its solutions,
in these onditions, will tend toward relativisti one as shown in [8℄.
To obtain these results, we will employ a Hamiltonian formalism and more preisely
the ADM formalism. It is often used in quantum osmology, to nd the wave-funtion
of the Universe but less so to study lassial problems suh as the searh for exat
solutions or dynamis of the lassial eld equations [9℄. Usually Lagrangian methods
are preferred.
This paper is organised as follows: in setion 2, we establish the eld equation
of the ADM formalism in the Einstein frame. In setion 3 we analyse the dynamis
of the theory in this frame and when it isotropizes. In setion 4, we examine whih
onditions have to be respeted by the Hamiltonian and the salar eld so that the
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Universe an isotropize and be in expansion at late times in the Brans-Dike frame with
a positive potential. In setion 5, we disuss the best onditions in eah frame so that
the Universe an be isotropi, expanding, and with positive potential at late times and
say a few words about the prodution of exat solutions. Using these elements, we look
for the onditions suh that the metri funtions of the generalized salar tensor theory
tend toward exponential or power law solutions in the Einstein frame.
2. Field equations
In the Einstein frame, the metri an be written as:
ds2 = −(N¯2 − N¯iN¯ i)dΩ¯2 + 2N¯idΩ¯ωi +R20e−2Ω¯e2βijωiωj (1)
ds2 = −(N¯2 − N¯iN¯ i)dΩ¯2 + 2N¯idΩ¯ωi +R20e−2Ω¯e2βijωiωj (2)
the ωi being the 1-forms of the Bianhi type I model. The barred quantities are those
of the Einstein frame. N¯ and N¯i are respetively the lapse and shift funtions. The
relation between the metri funtions of the Einstein and Brans-Dike frames is:
gij = g¯ijφ
−1
(3)
With (i, j) = 0, 1, 2, 3. Hene, in the Brans-Dike frame, a potential U of the Einstein
frame an be written as:
UBD = Uφ
2
(4)
The Lagrangian of the generalized salar tensor theory with a potential is given by:
S = (16pi)−1
∫ [
R¯− (3/2 + ω(φ))φ,µφ,µφ2 − U(φ)
]√−g¯d4x (5)
where φ is a positive salar eld, ω(φ) is the oupling funtion, and U(φ) is the potential.
As the Universe is homogeneous, the salar eld depends on time variable only. We use
the method employed in [10℄[11℄ to nd the ADM Hamiltonian. The ADM form of the
ation is written as:
S = (16pi)−1
∫
(piij
∂g¯ij
∂t¯
+ piφ
∂φ
∂t¯
− N¯C0 − N¯iC i)d4x (6)
the piij and piφ are, respetively, the onjugate momentum of the metri funtions g¯ij
and the salar eld, N¯ and N¯i play the role of Lagrange multipliers. The quantities C
0
and C i are, respetively, the super-Hamiltonian and the supermomentum dened by:
C0 = −
√
(3)g¯
(3)
R¯− 1√
(3)g¯
(
1
2
(pikk)
2−piijpiij)+ 1√
(3)g¯
pi2φφ
2
6 + 4ω
+
√
(3)g¯U(φ)(7)
C i = piij|j (8)
the "
(3)
" hold for the quantities alulated on the 3-spae and the "|" for the ovariant
derivative in the 3-spae. By varying the ation with respet to N¯ and N¯ i we nd the
two onstraints C0 = 0 and C i = 0. Then, by using them and the form of the metri
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funtions, g¯ij = R
2
0e
−2Ω¯e2βij with (i, j) = 1, 2, 3, and after taking the surfae integral∫
ω1 ∧ ω2 ∧ ω3 equal to (4pi)2 §, the ation (6) beomes:
S = 2pi
∫
piikdβik − pikkdΩ¯ + 1/2piφdφ (9)
The nal form of the ation is obtained by dening the traeless diagonal matrix βij
and pij by following the proedure introduing by Misner [12℄. We dene:
pik = 2pipi
i
k −
2
3
piδikpi
l
l (10)
and parameterise:
6pij = diag(p+ +
√
3p−, p+ −
√
3p−,−2p+) (11)
βij = diag(β+ +
√
3β−, β+ −
√
3β−,−2β+) (12)
Moreover, on the hypersurfae of onstant time, piij|j = 0 for the Bianhi type I and IX
without rotation. Using the expression (10)-(12), the ation (9) an be written as:
S =
∫
p+dβ+ + p−dβ− + pφdφ−HdΩ (13)
with pφ = pipiφ and H = 2pipi
k
k . We an obtain the expression of the quantity H , that is
pikk from the onstraint C
0 = 0. Then, we nd for H :
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 36pi2R40e
−4Ω¯(V − 1) + 24pi2R60e−6Ω¯U (14)
The potential V (β+, β−) depends on the Bianhi model. For the Bianhi type I model,
V = 1. Finally the eld equations for the generalized salar tensor theory are Hamilton's
equations for the Hamiltonian H :
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24pi2R60e
−6Ω¯U (15)
β˙± =
∂H
∂p±
=
p±
H
(16)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(17)
p˙± = − ∂H
∂β±
= 0 (18)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12pi2R60
e−6Ω¯Uφ
H
(19)
H˙ =
dH
dΩ¯
=
∂H
∂Ω¯
= −72pi2R60
e−6Ω¯U
H
(20)
§ This value is valuable for Bianhi type I and IX models.
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where a dot denotes a derivative with respet to Ω¯. Moreover we will hoose N¯ i = 0
and we express N¯ by writing that ∂
√
g¯/∂Ω¯ = −1/2pikkN¯ (see [11℄, p1830 for a detailed
alulus). Hene, we nd:
N¯ =
12piR30e
−3Ω¯
H
(21)
Equation (18) shows that the onjugate momemta p± are onstants. Then, from the
equations (16), we dedue that β+−(p+p−1− )β− is onstant and the Universe point moves
on a straight line in the (β+, β−) plane. Sine we have dt¯ = −N¯dΩ¯ ‖, equation (21)
shows that when the Hamiltonian has a onstant sign, Ω¯ is a monotonous funtion of t¯,
dereasing if H > 0 and inreasing otherwise.
3. Dynamial study of the metri funtions in the proper time of the
Einstein frame
In this setion we analyse the dynamis of the metri funtions in the Einstein frame.
They an be written:
g¯ij = R
2
0e
−2Ω¯+2βij
(22)
With (i, j) = 1, 2, 3. Using dt¯ = −N¯dΩ¯, we obtain:
dg¯ij
dt¯
= 2R20(
dβij
dt¯
− dΩ¯
dt¯
)e−2Ω¯+2βij = 2R20e
−2Ω¯+2βij
H − pij
HN¯
(23)
the produt HN¯ being positive. We are interested in the sign of the quantity (23) whih
depends on the sign of H − pij. For sake of simpliity, we will onsider a potential with
a onstant sign. We will see later how to extend our results to the ase where the sign of
the potential varies. Then, the equation (20) shows that the sign of HH˙ is onstant and
so for H and H˙ . H is a monotoni funtion of time and pij is a onstant, whih means
that equation (23) an only have one zero. So if there is an extremum for the metri
funtion when the potential is of onstant sign, it is unique. Ω¯ is also a monotoni
funtion of t¯.
If Hini and Hfin are the two values of the Hamiltonian at the extremities of the t¯
proper time interval, H will evolve monotonially from Hini to Hfin. The rst derivative
(23) of the metri funtion in the Einstein frame will vanish if the three onditions C1,
C2 and C3 are true:
• C1: H and pij have the same sign
• C2 and C3: pij belongs to the interval dened by Hini and Hfin
Hene, we have to onsider the following four ases for whih we give the variation of
the metri funtion depending on the t¯ time:
Case 1a: U < 0, H˙ and H > 0
‖ We hoose dt¯ = −N¯dΩ¯ as in [10℄ but dt¯ = N¯dΩ¯ is also a valid hoie and would not hange our
results in t or t¯ times.
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We reall we have dt¯ = −NdΩ¯. Hene taking into aount (21), when Ω¯ inreases,
t¯ dereases. The Hamiltonian is a dereasing funtion of t¯. The three onditions Ci
beome:
• C1: pij > 0
• C2: Hfin − pij<0
• C3: Hini − pij>0
Whatever ase we onsider, if C2 or C3 are false, respetively C3 or C2 are true. In
addition, in the present ase, if C3 is false, C1 is true.
If the three onditions are true, the metri funtion has a maximum in the proper
time of the Einstein frame sine the Hamiltonian will be equal to pij for a value of Ω¯.
If C1 is wrong, it is inreasing sine then H − pij has always the sign of H .
If C2 is wrong, the Hamiltonian is always larger than pij , and the metri funtion
is again inreasing for the t¯ time.
If C3 is wrong, C1 is true, and the metri funtion dereases sine the Hamiltonian
is always smaller than pij .
The same reasoning will hold for the other ases.
Case 1b: U < 0, H˙ and H < 0
When Ω¯ inreases, t¯ is inreasing. The Hamiltonian is a negative and dereasing fun-
tions of these times oordinates. When C2 is wrong, C1 is true. The three onditions
an be written as:
• C1: pij < 0
• C2: Hfin − pij<0
• C3: Hini − pij>0
If they are all true, the metri funtion has a maximum.
If C1 or C3 is false, it is dereasing.
If C1 is true, C2 is false and it is inreasing.
Case 2a: U > 0, H˙ < 0 and H >0
When Ω¯ inreases, t¯ dereases. The Hamiltonian is a positive and dereasing funtion
of Ω¯ and then an inreasing funtion of t¯. When C2 is wrong, C1 is true. The three
onditions an be written as:
• C1: pij > 0
• C2: Hfin − pij>0
• C3: Hini − pij<0
If they are all true, the metri funtion has a minimum.
If C1 or C3 is false, it is inreasing.
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If C2 is false, C1 is true, and the metri funtion is dereasing.
Case 2b: U > 0, H˙ > 0 and H <0
When Ω¯ inreases, t¯ inreases. The Hamiltonian is a negative and inreasing funtion
of the two time oordinates. When C3 is false, C1 is true. We obtain for the three
onditions:
• C1: pij < 0
• C2: Hfin − pij>0
• C3: Hini − pij<0
If the three onditions are true, the metri funtion has a minimum.
If C1 or C2 is false, it is dereasing.
If C1 is true, C3 is false, the metri funtion is inreasing.
All these results are summarised in table 1.
Before analysing this table, lets note that we will use the expression "Big-Bang sin-
gularity" to denote the fat that the three metri funtions derease toward zero. In
addition the expression "panake singularity" or "igar singularity" apply, respetively,
to the ases where one or two metri funtions derease toward zero.
From the table 1, we obtain the following results in the Einstein frame. We dedue
that a metri funtion ould have a maximum (minimum) only in the presene of a
negative (positive) potential. Moreover, all the onjugate momentum pij an not have
the same sign and then the ondition C1 an not be true for all the metri funtions.
We dedue that, when the Hamiltonian is positive, the three metri funtions an be
inreasing together at late times, but not dereasing. All types of singularity, Big-Bang
type, panake type or igar type are possible at early time. When the Hamiltonian is
negative, the three metri funtions an be dereasing together at late time but not
inreasing. The singularity if it exists will only be of panake or igar type at early
time. We have already written that as long as the potential has a onstant sign, the
metri funtion an have one and only one extremum. This is also the ase when we
onsider at or open FLRW models with trae-free matter, φ nite and ωφ > 0 as shown
in [2℄. In this paper it is also proved that at FLRW models an only ontain a single
minimum whereas here, a single maximum is also allowed for negative potential.
Lastly, it is easy to alulate that dβ±/dt¯ ∝ e3Ω¯. This means that the Universe will
isotropize, that is g¯ij/(dg¯ij/dt) tends toward the same funtion whatever i and j, only
when Ω¯→ −∞. This value will orrespond to late (early) times for t¯ if the Hamiltonian
is positive (negative).
When the sign of the potential varies, the table is always true but Hini and Hfin
dene the dierent intervals of values of the Hamiltonian for whih the sign of the
potential is onstant. Hene, if asymptotially the sign of the potential is onstant, one
an always use the previous results.
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4. Neessary and suient onditions to obtain an isotropi Universe in
expansion at late time in the Brans-Dike frame.
In this setion we look for isotropisation and expansion of the metri funtions at late
time in the Brans-Dike frame. Let t0 be the maximum value (nite or not) of the
t-time oordinate, that is the value of t at late time. We suppose that the physial
onditions in t0 are the same as those of today. Hene the salar eld will be suh that
ω > 500, ωφω
−3 → 0 and U → 0 or very small. These onditions have been assumed to
be neessary so that the relativisti values of the PPN parameters are respeted. In a
Universe without any matter eld [13℄[14℄ they an be written as:
β = 1 +O(ωφω
−3) (24)
γ = 1− (ω + 2)−1 (25)
Sine in the generalized salar tensor theory the inverse of the salar eld an be
onsidered like the gravitational oupling funtion G, we assume that it tends toward
a positive onstant at late times. This is justied by measurements of the quantity
G˙G−1. For a review of these experiments see [2℄. Hene, a relativisti limit shall be
asymptotially reovered.
A neessary and suient ondition suh that the Universe is isotropi at late time,
that is gij/(dgij/dt) tends toward the same funtion whatever i and j, will be:
dβ±/dt ∝ e3Ω¯
√
φ→ 0 (26)
that is β± tend toward a onstant. Then, the three metri funtions are proportional to
the funtion e−2Ω¯ in the Einstein frame or e−2Ω¯φ−1 in the Brans-Dike frame. If we want
that the Universe be in expansion at late times, this last funtion have to be inreasing
in the Brans-Dike frame when t → t0. We write the derivative of this funtion with
respet to Ω¯:
(e−2Ω¯φ−1). = −e−2Ω¯φ−1( φ˙
φ
+ 2) (27)
There are two ways so that it an be inreasing in the t-time. Firstly, we suppose that
t0 oinides with an innite value of Ω¯.
If φ˙φ−1 > −2 when t → t0, e−2Ω¯φ−1 is a dereasing funtion of Ω¯ and it will be an
inreasing funtion of t if the Hamiltonian is positive. This means that t→ t0 oinides
with Ω¯ → −∞. We note that for a dereasing salar eld on the t time there are
no additional onditions oming from the fat that φ˙φ−1 > −2 whereas an inreasing
one have to respet φ˙φ−1 ∈ [−2, 0] when t → t0 ¶. Hene, in a Universe undergoing
expansion at late times in the Brans-Dike frame, inreasing salar eld φ(t) implies
ne-tuning.
As the salar eld tends toward a onstant and Ω¯→ −∞, equation (26) shows that
the Universe isotropizes in a natural way, that is without any other ondition.
¶ We would have the inverse situation if we had onsidered a negative salar eld.
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If now φ˙φ−1 < −2 when t→ t0, e−2Ω¯φ−1 is an inreasing funtion of Ω¯ and it would be
an inreasing funtion of t if the Hamiltonian were negative. This means that t → t0
oinides with Ω¯ → +∞. The salar eld is always a dereasing funtion of t.
The relation (26) shows that the Universe will isotropize at t0 if then φ < e
−6Ω¯
.
Seondly, if we onsider that the t0 time oinides with a nite value of Ω¯, we an
write the same onditions so that the funtion e−2Ω¯φ−1 is an inreasing funtion of t at
late times depending on the sign of φ˙φ−1 + 2, but to obtain an isotropi Universe the
salar eld has to vanish in t0 sine from (26) we see that dβ±/dt is now proportional
to φ1/2.
Another fat to take into aount to obtain a realisti Universe at late t time is the
reently observed aelerated dynamis of the Universe whih implies a positive osmo-
logial onstant. So that the potential, in Einstein or Brans-Dike frames, is positive at
late time, we dedue from (20) that when the Hamiltonian is positive (negative), it is a
dereasing (inreasing) funtion of Ω¯ and hene an inreasing funtion of t.
Finally we summarise these results in table 2.
From the above, we dedue the following results in the Brans-Dike frame. When Ω¯ di-
verges at late t-time, the Universe of the Bianhi type I model, in the generalized salar
tensor theory and in the Brans-Dike frame, with a positive potential will isotropize and
be in expansion if φ˙φ−1 > −2 and the Hamiltonian is a positive and inreasing funtion
of the t-time. If φ˙φ−1 < −2, the Hamiltonian have to be a negative and inreasing
funtion of the t-time and the salar eld has to be less than e−6Ω¯. If Ω¯ tends toward
a onstant at late t-time, we need φ˙φ−1 > −2 (φ˙φ−1 < −2 ), a positive and inreasing
(negative and inreasing) Hamiltonian in the t-time and a vanishing salar eld. Let us
note, that a Universe able to isotropize at both late and early times an exist.
Remark: All the results of table 2 are expressed in the Ω¯-time exept the sign of H
and dH/dt. By dening the 3-Volume V in the Brans-Dike time by V = e−3Ω¯φ−3/2 =
det
√
(3)gφ−3/2 one an also write the ondition on the sign of φ˙φ−1 + 2 with physial
quantities of the Brans-Dike time. By writing that φ˙ = dφ
dt
dt
dΩ¯
, this expression beomes:
φ˙
φ
+ 2 =
dφ
dt
φ−1
[
ln(V −1/3φ1/2)
]−1
(28)
5. Disussions
Numerous works have been devoted to the problem of the physial frame between the
Brans-Dike or Einstein frame [15, 16, 17℄. In the Brans-Dike frame, the salar eld
is related to the gravitational oupling funtion and is non-minimally oupled to the
gravitational eld. In the Einstein frame, the salar eld is assoiated with the rest
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mass of the partiles and is minimally oupled to the gravitational eld. Lets examine
the optimal onditions in eah frame to obtain asymptotially an isotropi expanding
Universe with a positive potential.
In the Einstein frame, we need a positive Hamiltonian so that the three metri funtions
are inreasing at late times. The potential will be positive if H is a dereasing funtion
of Ω¯ and then an inreasing one of t¯. In these onditions, no more than two metri
funtions an have one and only one minimum. All types of singularity are possible at
early time. Sine the Universe isotropizes if Ω¯→ −∞ and as H > 0, it will arise at late
times.
In the Brans-Dike frame, an expanding and isotropi Universe with a positive potential
at late times an be realized in four dierent ways desribed in table 2. However, only
one of them does not need the salar eld to vanish asymptotially. It is suh that
the Hamiltonian has the same features as in the Einstein frame with Ω¯ → −∞ and
φ˙/φ > −2. It is important to avoid the salar eld vanishing beause it would mean
that the gravitational onstant is asymptotially innite. However its urrent observed
value seems to be small and onstant.
Hene, this work does not allow us to argue in favour of one of the frame sine the
Hamiltonian and time Ω¯ have the same features in both frames, orresponding to the
dynamis and properties of the Universe we want to obtain at late time, that is isotropy,
expansion and positive potential. This is not a surprise beause, when we have stud-
ied the late time behaviour of the metri funtions in the Brans-Dike frame, we have
assumed that asymptotially the salar eld tended toward a onstant. Thus, at late
time, the two frames beome similar.
Before arrying on with this disussion, it is useful to know how to nd exat solu-
tions from the system of equations (15)-(21) by making use of our previous results. In
the generalized salar tensor theory with a potential, two funtions an be hosen arbi-
trarily to ompletely dene the theory. The method we will use is the following:
We hoose U(Ω¯) or H(Ω¯) and we determine respetively the Hamiltonian or the poten-
tial with (20) and then the funtions β± with (16). Then, we hoose ω(Ω¯) or φ(Ω¯) and
with (15), we obtain respetively the salar eld or the oupling funtion. With the
help of (21) and (3), we nd Ω¯(t¯) and t¯(t) and then the expressions of eah quantity in
the proper time of eah frame. Sine we have determined what are the harateristis
of H , φ and Ω¯ to obtain physially interesting late time behaviour, it is easy to obtain
as many exat solutions as we want with isotropi expanding behaviour and positive
potential.
Other methods suh as dynamial ones ould be used to study the equations (15)-(21)
sine they onstitute a system of rst order dierential equations. However our goal
is to nd onditions to obtain an asymptotially isotropi expanding Universe with a
positive potential and here suh a method is not neessary. Appliation of dynamial
methods to the system of equations (15)-(21) will be the subjet of future works. Some
more powerful methods to derive exat solutions from Hamiltonian formalism have been
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developed in [9℄. They rely on symmetries suh as Killing tensor symmetries. However,
it is diult to predit the late time behaviour of the solutions thus obtained and, if
they are very eient when a perfet uid is present, it is dierent if we onsider any
potential. The method explained above has the advantage of prediting the late time
behaviour of the solution one the two unknown funtions xed thanks to the results of
the previous setions. We will use it to examine two important asymptotial behaviours
in the Einstein frame for the metri funtions: exponential and power-law behaviours.
We have hosen to study them in the Einstein frame rather than in the Brans-Dike
frame sine we will be able to ompare our results with those obtained in General rela-
tivity with a salar eld.
Firstly, we examine the exponential behaviour for the metri funtions. Then, we shall
try to reover the "No Hair Theorem" for the Bianhi type I model so that we test our
results. Wald [18℄ has shown that, in the ase of General Relativity with a salar eld
and a osmologial onstant, all the Bianhi models (exept ontrating Bianhi type
IX) initially in expansion approah the isotropi De Sitter solution. If we onsider the
Generalized salar tensor theory in the Einstein frame, we obtain a positive osmologial
onstant by hoosing H = Λe−3Ω¯ with Λ > 0. Then, the metri funtions are:
g¯ij = e
Λ(6piR30)
−1(t¯−t¯0)+2pij(3Λ)
−1e−Λ(4piR
3
0
)−1(t¯−t¯0)+2βij0
(29)
βij0, t¯0 and pij being some onstants. Ω¯ varies from +∞ to −∞ and t¯ respetively from
−∞ to +∞. At late times, whatever the oupling funtion suh that φ(Ω¯) is dened for
Ω¯ → −∞, the Universe will isotropize and approah a De Sitter model in aordane
with Wald. The properties of the Hamiltonian and the time Ω¯ orrespond to those we
have dened for this type of behaviour in setion 3. At early time, when Ω¯→ +∞, the
β± funtions dominate the dynamial behaviour, and the singularity will be of igar or
panake type. If we hoose Λ < 0 the behaviour of the late and early times are inverted.
Now, we make the opposite reasoning. We suppose that at late time, the 3-volume has
an exponential behaviour. We want to know whether the Universe will isotropize and
whether the potential and the oupling onstant respet the solar system tests at late
time. As we know the form of the 3-volume asymptotially, we an determine that of
the Hamiltonian H(Ω¯) from dt¯ = −N¯dΩ¯. With this expression, we an hek that for a
general asymptotial form 1/f(t¯) of the 3-volume, H−1 will be equal asymptotially to
(−12piR30)−1(
[
A(Ω¯)G(Ω¯)
].
+ B˙(Ω¯)), where A and B are any funtion suh that A→ 1,
B → 0 when Ω¯ → −∞, G = F (f−1(e3Ω¯)) and F = ∫ f(t¯)dt¯. Here, 1/f(t¯) = e3t¯ and
G = −1/3e3Ω¯. We will hoose a lass of Hamiltonian funtions suh that H and H˙
do not osillate at late times that is the rst and seond derivatives of A and B van-
ish asymptotially (however our results will be the same for types of funtions suh
cos(Ω¯−1) and sin(Ω¯−1) orresponding respetively to A and B with damped osilla-
tions and whih have the same asymptoti harateristis desribed above). Hene, the
Hamiltonian tends toward e−3Ω¯. This form exludes any osillating potential at late
time. From (20), we dedue that U → C2, where C is a onstant. It follows from the
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results of setion 3, that if the salar eld is also dened in Ω¯ → −∞, the Universe
isotropize at late time, orresponding to this last value of Ω¯. Then it tends toward a
De Sitter behaviour and the potential toward a positive onstant. This generalizes the
result of Wald for Bianhi type I model to any potential that is asymptotially onstant
and does not osillate. Using (15) and (17), we show that asymptotially, 3+2ω ∝ φ2φ˙2
and ωφω
−3 ∝ φ˙4φ−5 − φ¨φ˙2φ−4. If φ tends toward a non-vanishing onstant, then the
oupling funtion and ωφω
−3
respetively diverge and vanishes asymptotially. This
limit for the salar eld is the most interesting one sine it is proportional to the inverse
of the gravitational funtion. This leads to the fat that any ω satises the solar system
tests for suh a limit reahed in Ω¯ → −∞. It will also be the ase for the potential if
the onstant C2 is suiently small. Other limits for φ ould be envisaged and not be in
ontradition with the previous quoted tests or isotropisation in Einstein frame. Above
all φ → ∞ whih leads to an asymptotially vanishing gravitational onstant. We will
present some examples in the next paragraph.
Another interesting behaviour for the 3-volume is a power law one sine more often we
searh for theories whih tend toward General relativity at late times and sine this
last one, in isotropi and at ases, has most of time power law solutions. Let us have
a look at what happens when the 3-volume of the Universe tends toward a power law
form of t¯ at late time, that is e−3Ω¯ ∝ t¯3m. We proeed in the same way as previously.
We dedue that asymptotially the Hamiltonian tends toward elΩ¯ with l = m−1 − 3.
To obtain a positive potential we shall have l < 0, that is m 6∈ [0, 1/3]. Then, if the
salar eld is dened in Ω¯ → −∞, the Universe isotropizes and the metri funtions
tend toward a power law t¯2m. The Universe is in expansion if m > 0 that is l > −3 and
undergoes ination if m > 1, that is l ∈ [−3,−2]. In what it follows, we assume that l
belongs to [−3, 0]. From (20) we dedue that the potential is proportional to e(2l+6)Ω¯.
At late times, it vanishes in agreement with solar system tests, whatever l. Conerning
the oupling funtion ω, we have the same limits as above as long as l < 0 and we an
write the same things. However, here we shall also use the fat that φ˙ = U˙U−1φ and
φ¨ = U¨U−1φ −U˙2UφφU−3φ . However, at late time U˙ = (2l+6)U and U¨ = (2l+6)2U . Thus,
asymptotially 3+2ω ∝ φ2U2φU−2 and ωφω−3 ∝ U3
[
UUφ + φ(UUφφ − U2φ)
]
U−5φ φ
−5
. So,
for any given form of U(φ), we an determine whether the solar system tests will be
reovered as the Universe isotropize in Ω¯ → −∞. As an appliation, we examine two
typial forms for the potential: U = ekφ and U = φk. For the rst form, the salar eld
shall tend toward (2l+6)k−1Ω¯ and for the seond one toward e(2l+6)k
−1Ω¯
. Both limits are
dened for Ω¯ → −∞. Thus, the forms we hoose for the potential are ompatible with
a salar eld dened in Ω¯→ −∞. Firstly, we examine U = ekφ with k > 0. Suh poten-
tials are well motivated, espeially from string theory. They are also used to generate
saling solutions for whih the energy density of the salar eld mimis the equation of
state of a barotropi uid [19℄ although they are not neessary well adapted [20℄ to this
type of problem. Asymptotially, the salar eld diverges and the potential vanishes.
Hene, ω and ωφω
3
respetively diverges and vanishes for Ω¯→ −∞. A theory with the
same types of potential and behaviour at late times for the Universe has been studied
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in [21, 22℄. However the oupling funtion was a onstant and did not diverge at late
times. Hene the orresponding Hamiltonian does not belong to the lass we used in this
work and will probably be osillating at late times. Seondly, we examine U = φk with
k < 0. Reently, this type of potential has been use to generate saling solutions too
[23℄. Again the salar eld diverges asymptotially and the potential vanishes. At late
time ω beomes a onstant and ωφω
−3
vanishes. Thus, for these types of potentials, the
salar eld is dened in−∞ where it diverges and ω and U respet the solar system tests.
We onlude this disussion by summarising these results. We have shown that to
obtain an isotropi expanding Universe at late times with a positive potential, we shall
have H > 0, H˙ < 0 and Ω¯ → −∞. This is neessary and suient for Einstein frame,
suient and better for the Brans-Dike frame sine the gravitational onstant does not
diverge.
We have presented a method to obtain exat solution in the two frames. Then, onsid-
ering the Einstein frame, we have reover Wald's theorem for Bianhi type I model.
The next results have been obtained by making the assumptions that the oupling fun-
tion was suh that the salar eld be dened in Ω¯ → −∞ and that the Hamiltonian
and thus the potential do not osillate at late times.
Then, we have proved that when the 3-volume behaves asymptotially like an expo-
nential, the Universe isotropizes toward a De Sitter model and the potential beame
asymptotially a onstant. Moreover, if at late times the salar eld is a onstant dif-
ferent from zero, whih seems to be a physially reasonable assumption if we onsider
measurements of the gravitational onstant, the values of ω and ωφω
−3
are in agreement
with the solar system tests. Reiproally, when a non-osillating potential beomes a
onstant asymptotially, the Universe tends toward a De Sitter model whatever ω in
aordane with our assumptions. This generalizes Wald's result for the Bianhi type I
model and shows that the De Sitter model is an attrator for this lass of potential.
When the 3-volume behaves asymptotially as a power law of t¯, the Universe isotropizes
and the metri funtions tend toward t¯2m. The potential will be positive if m > 1/3
and will vanish asymptotially. Thus, suh a type of Universe solves the osmologial
onstant problem naturally. This enlightens the importane of power-law solutions in
osmology. If we assume that φ tends toward a onstant, one more again, the oupling
funtion respets the solar system tests. We an also express ω and ωφω
−3
asymptoti-
ally as some funtions of φ, the potential and its derivative with respet to the salar
eld. Then, we have shown that for an exponential potential ekφ with k > 0, the ou-
pling funtion and ωφω
−3
were in agreement with the solar system tests. ω an not be
a onstant sine it diverges and thus, suh theory will not tend toward a Brans-Dike
one. For a power law potential φk with k < 0, the oupling funtion tends toward a
onstant and ωφω vanishes. So, the theory an tend toward Brans-Dike theory and this
onstant have to be larger than 500 so that the theory respets the solar system tests at
late times. For these two types of potentials, the salar eld diverges. We have heked
that its asymptoti form was dened in Ω¯ → −∞.
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Table 1. Dynamial behaviour of a metri funtion in the proper time of the Einstein
frame depending on the signs of the potential, the Hamiltonian and its initial and nal
values.
H , H˙ > 0, U < 0 H , H˙, U < 0 H , U > 0, H˙ < 0 H˙, U > 0, H < 0
C1, C2, C3: true Maximum Maximum Minimum Minimum
C1: false Inreasing Dereasing Inreasing Dereasing
C2: false Inreasing Dereasing
C3: false Dereasing Inreasing
C2: false, C1: true Inreasing Dereasing
C3: false, C1: true Dereasing Inreasing
Table 2. Conditions for the Universe to be isotropi, in expansion and with a positive
potential at late time in the Brans-Dike frame.
Expansion in t0 Isotropisation in t0 UBD > 0 in t0
Ω¯ diverges φ˙/φ > −2, H > 0: Ω¯→ −∞ Yes dH/dt > 0 or dH/dΩ¯ < 0
φ˙/φ < −2, H < 0: Ω¯→ +∞ Yes if φ < e−6Ω¯ dH/dt > 0 or dH/dΩ¯ > 0
Ω¯→ cte φ˙/φ > −2, H > 0 Yes if φ→ 0 dH/dt > 0 or dH/dΩ¯ < 0
φ˙/φ < −2, H < 0 Yes if φ→ 0 dH/dt > 0 or dH/dΩ¯ > 0
